Robust paths to realize nonadiabatic holonomic gates by Xu, G. F. et al.
ar
X
iv
:1
70
5.
08
27
8v
1 
 [q
ua
nt-
ph
]  
23
 M
ay
 20
17
September 19, 2018
Robust paths to realize nonadiabatic holonomic gates
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To realize one desired nonadiabatic holonomic gate, various equivalent evolution paths can be chosen. How-
ever, in the presence of errors, these paths become inequivalent. In this paper, we investigate the difference of
these evolution paths in the presence of systematic Rabi frequency errors and aim to find paths with optimal
robustness to realize one-qubit nonadiabatic holonomic gates. We focus on three types of evolution paths in
the Λ system: paths belonging to the original two-loop scheme [New J. Phys. 14, 103035 (2012)], the single-
loop multiple-pulse scheme [Phys. Rev. A 94, 052310 (2016)], and the off-resonant single-shot scheme [Phys.
Rev. A 92, 052302 (2015); Phys. Lett. A 380, 65 (2016)]. Whereas both the single-loop multiple-pulse and
single-shot schemes aim to improve the robustness of the original two-loop scheme by shortening the exposure
to decoherence, we here find that the two-loop scheme is more robust to systematic errors in the Rabi frequen-
cies. More importantly, we derive conditions under which the resilience to this kind of error can be optimized,
thereby strengthening the robustness of nonadiabatic holonomic gates.
PACS numbers: 03.67.Pp, 03.65.Vf
I. INTRODUCTION
Quantum computers process information encoded in quan-
tum systems and use logical operations different from those in
Boolean logic. In this way, quantum computation may be able
to solve problems faster than in classical computation. Gen-
erally, to achieve the advantages of quantum computation, a
universal set of quantum gates with sufficiently high fidelities
needs to be realized. However, such a realization is difficult
because of the detrimental effects of errors, such as decoher-
ence and parameter noise. To overcome this problem, dif-
ferent forms of error resilient strategies have been developed,
such as error correcting codes [1], decoherence-free subspaces
and subsystems [2, 3], and techniques based on geometrical
and topological phases [4, 5].
Holonomic quantum computation exploits Abelian or non-
Abelian geometric phases to implement a universal set of
quantum gates [4, 6, 7]. These gates only depend on evolu-
tion paths, but not on evolution details, and thus may have ro-
bust advantages over dynamical gates in the presence of noise
[8–17]. Due to its high-speed nature, nonadiabatic holonomic
quantum computation proposed in Ref. [7] has received con-
siderable attention. So far, many schemes of realizing nona-
diabatic holonomic gates have been put forward for various
physical systems [18–40]. Particularly, nonadiabatic holo-
nomic quantum computation has been experimentally demon-
strated with circuit QED [19], NMR [20, 40], and nitrogen-
vacancy centers in diamond [25, 26, 38, 39].
To realize one desired nonadiabatic holonomic gate in the
standard Λ setting, various types of evolution paths can be
chosen. These evolution paths are equivalent in the ideal case,
but behave differently in the presence of errors. To improve
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further on the robustness of nonadiabatic holonomic gates, in-
vestigating the robustness of these paths is therefore of im-
portance. In this paper, we examine the evolution paths in the
presence of systematic errors in the Rabi frequencies, which is
known as the main error source when the evolution period is
shorter than the coherence time [41, 42]. We focus on the
types of evolution paths proposed in Refs. [7, 29, 30, 36].
These investigated evolution paths are based on three-level
systems driven by laser fields and the Rabi frequency errors
occur when the amplitudes of the driving fields deviate from
their desired values by unknown fractions. We aim to find
paths with optimal robustness to realize one-qubit nonadia-
batic holonomic gates. We derive conditions under which the
resilience to Rabi frequency errors can be optimized with re-
spect to the evolution path belonging to these implementa-
tions. In this way, we strengthen the robustness of nonadia-
batic holonomic quantum computation.
II. PATHS AFFECTED BY SYSTEMATIC ERRORS
A. Two-loop scheme
We start by investigating evolution paths belonging to the
original two-loop scheme [7]. Consider a three-level system
whose states are |0〉, |1〉, and |e〉, where |0〉 and |1〉 are used
as logical one-qubit states and |e〉 is used as an ancillary state.
The transitions |0〉 ↔ |e〉 and |1〉 ↔ |e〉 are driven by two
resonant laser pulses with identical envelope. By transforming
to the rotating frame, the Hamiltonian of the system reads
H(t) = Ω(t)
[
eiϕ
(
cos
θ
2
|0〉 + sin
θ
2
eiψ|1〉
)
〈e| + H.c.
]
= Ω(t)
[
eiϕ|b〉〈e| + e−iϕ|e〉〈b|
]
, (1)
where |b〉 = cos(θ/2)|0〉+ sin(θ/2)eiψ|1〉 is the bright state and
we have neglected rapidly oscillating counter-rotating terms
2(rotating wave approximation). Here, Ω(t) is the pulse enve-
lope, θ = 2 arctan[Ω1(t)/Ω0(t)], and ϕ and ψ respectively rep-
resent the total and relative phases, withΩ0(t) andΩ1(t) being
Rabi frequencies of the two laser fields. The laser parameters
θ, ψ, and ϕ are kept constant during each pulse pair. To realize
the desired holonomic one-qubit gate, two evolution loops 1
and 2 are needed. The duration Tν, of each loop ν ∈ {1, 2}
satisfies
∫ Tν
0
Ω(t)dt = π. Correspondingly, the time evolution
operator reads
Uν = −|e〉〈e| − ~nν · ~σ, (2)
where ~nν = (sin θν cosψν, sin θν sinψν, cos θν) is a unit vector
in R3 and ~σ = (σx, σy, σz) is the standard vector Pauli oper-
ator acting on states |0〉 and |1〉. The parameters θν, ψν, and
ϕν determine the loop ν. Note that the gate Uν is independent
of the total phase ϕν in this ideal case. The two-loop holo-
nomic gate is realized by sequentially implementing U1 and
U2, yielding
U = U2U1 = |e〉〈e| + ~n1 · ~n2(|0〉〈0| + |1〉〈1|)
−i(~n1 × ~n2) · ~σ
≡ |e〉〈e| + R(ϑ, ~m), (3)
where
R(ϑ, ~m) = exp(iϑ~m · ~σ) (4)
In the above, 2ϑ ∈ [0, π] is the rotation angle and ~m =
~n2 × ~n1/|~n2 × ~n1| (provided |~n2 × ~n1| , 0) is the rotation axis
of the one-qubit holonomic gate acting on the computational
subspace spanned by {|0〉, |1〉}. It can be shown that the two-
loop gate U is of holonomic nature, i.e., that all dynamical
contributions to the gate vanish [7].
It is noteworthy that all unit vector pairs ~n1, ~n2 with the
same relative angle in a given plane can be used to realize one
desired gate. This means that an infinite number of evolution
paths are equivalent in the ideal case. These evolution paths
may behave differently in the presence of errors. Here, we in-
vestigate their difference and aim to optimize their robustness
to systematic errors.
For Hamiltonian H(t) as realized by laser fields, the main
source of systematic errors is in the Rabi frequencies [41, 42].
This kind of errors occurs when the amplitude of the driv-
ing field deviates from its desired value by an unknown frac-
tion. Since this kind of errors is closely related to the pulse
amplitude, it is also called systematic amplitude error [41].
If one analyzes the evolution operator generated by a Rabi-
frequency-error-affected Hamiltonian, the rotation angle will
be found to deviate from its desired value. Then the Rabi fre-
quency error can also be seen as a rotation error [42].
Since the two laser fields are typically calibrated by the
same standard, it is experimentally natural to assume that they
experience the same Rabi frequency error. In this case, the
Hamiltonian H(t) turns into
H′(t) = (1 + ǫ)Ω(t)
[
eiϕ|b〉〈e| + e−iϕ|e〉〈b|
]
, (5)
where ǫ is the unknown fraction that satisfies | ǫ |≪ 1. By us-
ing the expression of H′(t), we obtain the error-affected two-
loop gate
U ′ = U2 exp[−iǫπ(e
iϕ2 |b2〉〈e| + H.c.)]
× exp[−iǫπ(eiϕ1 |b1〉〈e| + H.c.)]U1 (6)
with the bright state |bν〉 = cos(θν/2)|0〉 + sin(θν/2)e
iψν |1〉.
To quantify the robustness of the holonomic gates, we use
the fidelity [43]
F(V) =
∣∣∣Tr(V†Ve)∣∣∣
Tr(V†V)
, (7)
where V and Ve are the desired and error-affected evolution
operators, respectively. By substituting U and U ′ into F, we
obtain
F(U) =
1
3
∣∣∣∣Tr{ exp [−iǫπ(eiϕ2 |b2〉〈e| + H.c.)]
× exp
[
−iǫπ(eiϕ1 |b1〉〈e| + H.c.)
] }∣∣∣∣ . (8)
To simplify, we use the Baker-Campbell-Hausdorff (BCH)
formula ln(eAeB) = A + B + 1
2
[A, B] + · · ·. Since | ǫ |≪ 1,
we only keep terms to first- and second-order in ǫ, yielding
the fidelity
F =
1
3
∣∣∣∣Tr{ exp[−iǫπ(eiϕ2 |b2〉〈e| + eiϕ1 |b1〉〈e| + H.c.)
+(AB − BA)/2]
}∣∣∣∣ , (9)
where A = −iǫπ(eiϕ2 |b2〉〈e|+H.c.), B = −iǫπ(e
iϕ1 |b1〉〈e|+H.c.)
and thus (AB − BA)/2 represents the second-order terms in ǫ.
It can be verified that
eiϕ2 |b2〉 = cos
η
2
ei(φb+ϕ1)|b1〉 + sin
η
2
eiφd |d1〉, (10)
where the dark state |d1〉 = sin(θ1/2)|0〉− cos(θ1/2)e
iψ1 |1〉, η is
the angle between the state vectors |b1〉 and |b2〉 in the Bloch
sphere representing the one-qubit subspace, and φb and φd are
phases. In Eq. (10), we use the states eiϕ1 |b1〉 and |d1〉 as the
orthonormal basis to express the state eiϕ2 |b2〉. In this case,
φb and φd are the decomposition phases with respect to the
corresponding basis states. By using Eq. (10), we rewrite the
fidelity as
F =
1
3
∣∣∣∣Tr{ exp[−iǫπx(|b12〉〈e| + |e〉〈b12|)
+(AB − BA)/2]
}∣∣∣∣ (11)
with
|b12〉 =
[(
1 + cos(η/2)eiφb
)
eiϕ1 |b1〉
+ sin(η/2)eiφd |d1〉
]
/x,
x = [2 + 2 cos(η/2) cosφb]
1/2. (12)
By expanding the exponential operator, we can rewrite the fi-
delity as
F =
1
3
∣∣∣∣∣∣∣Tr
{ +∞∑
n=0
[−iǫπx(|b12〉〈e| + |e〉〈b12|)
+(AB − BA)/2]n
}∣∣∣∣ (13)
3It is known that (AB − BA)/2 represents terms of the second-
order and its trace Tr[(AB − BA)/2] = 0. By using that
〈e|b12〉 = 0, we also find Tr(|e〉〈b12| + |b12〉〈e|) = 0 and
(|e〉〈b12| + |b12〉〈e|)
2
= |e〉〈e| + |b12〉〈b12|. Thus the fidelity can
be further simplified to
F = 1 −
2
3
(
1 + cos
η
2
cosφb
)
π2ǫ2 (14)
up to the second-order in ǫ.
In the above, we have derived the fidelity for various paths
in the two-loop scheme. To find which path is more robust, it
is convenient to rewrite the fidelity in terms of holonomic gate
R(ϑ, ~m). If we focus on the above logical gate, the parameters
ϑ and ~m are fixed and the corresponding fidelity reads
FR = 1 −
2
3
(
1 + cos
ϑ
2
cosφb
)
π2ǫ2. (15)
It is noteworthy that the parameter φb can be controlled by the
relative phase shift between the two pulse pairs, which shows
the difference of the evolution paths to realize the holonomic
gate R(ϑ, ~m) in the presence of errors. Since ϑ ∈ [0, π/2], we
should set
φb = π (16)
in order to minimize the error ǫ dependence, yielding
FR = 1 −
2
3
(
1 − cos
ϑ
2
)
π2ǫ2. (17)
From the above equation, we can see that the fidelity only
depends on the rotation angle ϑ, but not on the rotation axis
~m. Furthermore, FR decreases when the rotation angle ϑ in-
creases.
B. Single-loop multiple-pulse scheme
For the single-loop multiple-pulse scheme [36], the three-
level system is again driven by pairs of resonant laser pulses
with identical envelop. Thus, the Hamiltonian H˜(t) in the ideal
single-loop multiple-pulse scheme has the same form as H(t).
In its simplest form, the single-loop multiple-pulse gate is
realized by splitting the whole evolution time T into two seg-
ments and the control Hamiltonians for these two segments
have different total phases denoted as ϕ and ϕ′, respectively.
For the first segment, the total phase is equal to ϕ and its evo-
lution period satisfies
∫ τ
0
Ω(t)dt = π/2, where τ is the inter-
mediate time. The corresponding evolution operator reads
Uϕ = −i
(
eiϕ|b〉〈e| + e−iϕ|e〉〈b|
)
+ |d〉〈d|, (18)
with the dark state |d〉 = sin(θ/2)|0〉 − cos(θ/2)eiψ|1〉. For
the second segment, the total phase is changed from ϕ to ϕ′
and the time period satisfies
∫ T
τ
Ω(t)dt = π/2. The resulting
evolution operator reads
Uϕ′ = −i
(
eiϕ
′
|b〉〈e| + e−iϕ
′
|e〉〈b|
)
+ |d〉〈d|. (19)
By sequentially implementing Uϕ and Uϕ′ , the single-loop
multiple-pulse gate
U˜ = −ei(ϕ−ϕ
′)|e〉〈e| − e−i(ϕ−ϕ
′)|b〉〈b| + |d〉〈d| (20)
is realized. It can be verified that the single-loop multiple-
pulse gate is of nonadiabatic holonomic nature.
In the presence of Rabi frequency errors, the Hamiltonian
can be written as
H˜′(t) = (1 + ǫ)Ω(t)
(
eiϕ|b〉〈e| + e−iϕ|e〉〈b|
)
, (21)
where ǫ is the unknown fraction. The single-loop multiple-
pulse gate U˜ turns into
U˜ ′ = Uϕ′ exp
[
−iǫ
π
2
(eiϕ
′
|b〉〈e| + e−iϕ
′
|e〉〈b|)
]
× exp
[
−iǫ
π
2
(eiϕ|b〉〈e| + e−iϕ|e〉〈b|)
]
Uϕ. (22)
By using the expressions of U˜ and U˜ ′, we obtain the gate fi-
delity
F˜ =
1
3
∣∣∣∣∣Tr
{
exp
[
−iǫ
π
2
(eiϕ
′
|b〉〈e| + e−iϕ
′
|e〉〈b|)
]
× exp
[
−iǫ
π
2
(eiϕ|b〉〈e| + e−iϕ|e〉〈b|)
]}∣∣∣∣∣ . (23)
The BCH relation yields
F˜ =
1
3
∣∣∣∣∣Tr
{
exp
[
−iǫ
π
2
(eiϕ|b〉〈e| + eiϕ
′
|b〉〈e| + H.c.)
+(A˜B˜ − B˜A˜)/2
]}∣∣∣∣ , (24)
where operators A˜ = −iǫπ(eiϕ
′
|b〉〈e| + e−iϕ
′
|e〉〈b|)/2 and B˜ =
−iǫπ(eiϕ|b〉〈e| + e−iϕ|e〉〈b|)/2, and we have kept terms up to
second-order in ǫ, since |ǫ| ≪ 1. By evaluating the trace, the
gate fidelity F˜ can be written as
F˜ = 1 −
1
6
[
1 + cos
(
ϕ − ϕ′
)]
π2ǫ2. (25)
Similar to the case of the two-loop scheme, we rewrite the
fidelity F˜ in terms of the logical gate R(ϑ, ~m), yielding
F˜R = 1 −
1
6
[1 − cos (2ϑ)] π2ǫ2. (26)
The above equation shows that the fidelity only depends on
the rotation angle ϑ, but not on the rotation axis ~m, and it
decreases when ϑ increases.
C. Single-shot scheme
We finally investigate paths belonging to the single-shot
scheme originally proposed in Refs. [29, 30]. Unlike the two-
loop and single-loop multiple-pulse schemes, the transitions
|0〉 ↔ |e〉 and |1〉 ↔ |e〉 of the three-level system are driven by
off-resonant laser pulses in the single-shot scheme. Explic-
itly, the two laser pulses should have the same detuning and
4be square shaped. In the rotating frame, the Hamiltonian of
the system reads
Hˆ(t) = −∆|e〉〈e| +
1∑
j=0
(
Ω je
iβ j | j〉〈e| + H.c.
)
, (27)
where ∆ is the detuning,Ω j is the Rabi frequency, and β j is the
phase. We introduce new parametersΩ, α, and γ according to
∆ = −2Ω sinγ,
Ω0 = Ω cosα cosγ,
Ω1 = Ω sinα cos γ,
(28)
where Ω can be seen as the norm of the vector (∆/2,Ω0,Ω1).
As a result, the Hamiltonian Hˆ(t) can be rewritten as
Hˆ(t) = Ω sin γ(|e〉〈e| + |b〉〈b|) + Ω[cosγ(|b〉〈e|
+|e〉〈b|) + sin γ(|e〉〈e| − |b〉〈b|)] (29)
with the bright state |b〉 = cosαeiβ0 |0〉+sinαeiβ1 |1〉. By choos-
ing the evolution time such that ΩT = π, the single-shot holo-
nomic gate is realized and reads
Uˆ = eiζ(|e〉〈e| + |b〉〈b|) + |d〉〈d|, (30)
where phase ζ = π−π sinγ and the dark state |d〉 is orthogonal
to both |e〉 and |b〉. In the above, the rotation angle of the
qubit gate is determined by sin γ, while the rotation axis is
determined by |b〉 and |d〉. It can be verified that the single-
shot gate has a nonadiabatic holonomic feature [29, 30].
The single-shot scheme is realized by varying the detuning
of the two laser fields. When the detuning is small, i.e., | cosγ|
is close to unity, the Rabi frequency error model can appro-
priately describe the systematic errors of the system. This is
because the Hamiltonian under the condition of small detun-
ing is nearly the same as the Hamiltonian of the two-loop and
single-loop multi-pulse schemes. In the regime where | sin γ|
is close to unity, the detuning is large relative the Rabi fre-
quencies Ω j, as can be seen in Eq. (28). Thus, in this case the
influence of the Rabi frequency errors ǫΩ j on the gate is weak.
Meanwhile, several control problems start appearing. For ex-
ample, the rotation wave approximation may not work any
longer because of small run time to realize cyclic evolution in
this regime [30]. In this case, the Rabi frequency errors are no
longer the dominant error source. On the other hand, if we ar-
tificially consider the Rabi frequency errors only, the fidelity
would be higher than that obtained by including the dominant
errors. In the next section, we will see that even though these
higher resulting fidelities are used, the paths belonging to the
single-shot scheme are still the least robust. Since our aim
is to find the paths with optimal robustness, we can simply
use the Rabi frequency error model to compare the single-shot
scheme with the two-loop and multiple-pulse schemes.
In the presence of Rabi frequency errors, the Hamiltonian
Hˆ(t) turns into
Hˆ′(t) = 2Ω sin γ|e〉〈e|
+(1 + ǫ)Ω cosγ(|b〉〈e| + |e〉〈b|), (31)
where ǫ is the error fraction. The Hamiltonian Hˆ′(t) turns the
desired single-shot gate into
Uˆ ′ = e−iπ sin γ(|e〉〈e|+|b〉〈b|)e−iλπσǫ + |d〉〈d| (32)
with the parameter λ = [(1+ǫ)2 cos2 γ+sin2 γ]1/2 and Pauli op-
eratorσǫ = [(1+ǫ) cosγ(|b〉〈e|+ |e〉〈b|+sinγ(|e〉〈e|−|b〉〈b|)]/λ.
The fidelity of the unitary operators Uˆ and Uˆ ′ reads
Fˆ =
1
3
∣∣∣∣Tr (|d〉〈d| − e−iλπσǫ )
∣∣∣∣ . (33)
Considering that σ2ǫ = |e〉〈e| + |b〉〈b| and Tr(σǫ) = 0, the fi-
delity Fˆ can be further simplified into
Fˆ =
1
3
|Tr [|d〉〈d| − cos(λπ)(|e〉〈e| + |b〉〈b|)]| . (34)
Since |ǫ| ≪ 1, we can ignore higher-order terms in ǫ and the
gate fidelity Fˆ reads
Fˆ = 1 −
1
3
π2ǫ2 cos4 γ. (35)
By expressing γ in terms of the gate rotation angle ϑ, we ob-
tain the fidelity
FˆR = 1 −
16
3
ϑ2 (1 − ϑ/π)2 ǫ2. (36)
of the logical gate R(ϑ, ~m). We see that the fidelity only de-
pends on the rotation angle ϑ, but not on the rotation axis ~m.
It can be verified that the fidelity decreases when the rotation
angle increases.
D. Robustness of the paths
We now examine the robustness of the selected evolution
paths by comparing the fidelities FR, F˜R, and FˆR for a given
gate realization R(ϑ, ~m). As was shown previously, these fi-
delities depend on the rotation angle ϑ, but are independent of
the rotation axis ~m. Explicitly, we may write
FR = 1 −
1
3
π2ǫ2 f1,
F˜R = 1 −
1
3
π2ǫ2 f2,
FˆR = 1 −
1
3
π2ǫ2 f3, (37)
where f1 = 2 − 2 cos(ϑ/2), f2 = (1 − cos 2ϑ)/2, and
f3 = 16ϑ
2(1 − ϑ/π)2/π2 describe the error of the two-loop
[7], single-loop multiple-pulse [36], and single-shot [29, 30]
schemes, respectively. Thus, we can address our problem by
comparing the functions f1, f2, and f3 instead of the fidelities
FR, F˜R, and FˆR. The benefit with this comparison is that the
dependence on the value of the error, i.e., ǫ, is excluded.
Figure 1 shows f1, f2, and f3 as functions of the rotation
angle ϑ. From this figure, we see that f1, f2, and f3 all in-
crease with increasing rotation angle ϑ. We also see that the
function f1 is always smaller than the other two functions and
the differences f1 − f2 and f1 − f3 increase with increasing ϑ.
The observations of Fig. 1 show that the most robust path to
realize the gate R(ϑ, ~m) belongs to the two-loop scheme. We
have derived the condition to optimize the performance of the
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FIG. 1. (color online). Functions f1, f2, and f3 as functions of the
rotation angle ϑ of the one-qubit holonomic gate. Here, f1 = 2 −
2 cos(ϑ/2), f2 = (1 − cos 2ϑ)/2, f3 = 16ϑ
2(1 − ϑ/π)2/π2, and ϑ ∈
[0, π/2]. The functions f1, f2, and f3 describe the error of the two-
loop [7], single-loop multiple-pulse [36], and single-shot [29, 30]
schemes, respectively.
gate R(ϑ, ~m). Specifically, the parameters should satisfy the
condition
φb = π. (38)
The above fact helps us to reconsider the advantages of the
two-loop, the single-loop multiple-pulse, and the single-shot
schemes.
It has been shown that the parameter φb is particularly im-
portant in optimizing the robustness of the two-loop gates. In
fact, if the parameter φb does not satisfy the condition in Eq.
(38), for example, by being made to equal zero, one will find
that the fidelity of the path of the two-loop scheme becomes
less robust than the other investigated schemes, which shows
the necessity of the choice of the robust path.
III. CONDITIONS TO REALIZE A MORE ROBUST PATH
WITH RELATIVE DIFFERENCE
In the preceding section, we have examined the robustness
of paths to implement a given nonadiabatic holonomic one-
qubit gate in the presence of Rabi frequency errors in the Λ
setting. We have assumed that the two laser pulses experience
the same Rabi frequency error, motivated by the experimen-
tally natural assumption that the pulses are calibrated by the
same standard. We now relax this assumption by introducing
a relative difference between the two Rabi frequencies. From
the preceding section, we already know which kinds of paths
are more robust when the relative difference is zero. Here we
assume the relative difference is small, and in this case the
robust advantages of the chosen paths with optimal robust-
ness prevail. As already known, the chosen paths belong to
the two-loop scheme. So, it is sufficient to consider only the
two-loop scheme in the following analysis.
The Hamiltonian of the system can now be written as
H′′(t) = Ω(t)
{
eiϕ
[
(1 + ǫ0) cos
θ
2
|0〉
+(1 + ǫ1) sin
θ
2
eiψ|1〉
]
〈e| + H.c.
}
, (39)
where ǫ0 and ǫ1 are unknown fractions of the two Rabi fre-
quencies associated with the pulse pair. According to this
Hamiltonian, the desired nonadiabatic holonomic one-qubit
gate is modified into
U ′′ = U ′2 exp
[
−iδ2π
(
eiϕ2 |b′2〉〈e| + H.c.
)]
exp
[
−iδ1π
(
eiϕ1 |b′1〉〈e| + H.c.
)]
U ′1, (40)
where
U ′ν = −|e〉〈e| − |b
′
ν〉〈b
′
ν| + |d
′
ν〉〈d
′
ν|,
δν = [(1 + ǫ0)
2 cos2(θν/2)
+(1 + ǫ1)
2 sin2(θν/2)]
1/2 − 1, (41)
where ν = 1, 2. Here, |b′ν〉 = cos(θ
′
ν/2)|0〉 + sin(θ
′
ν/2)e
iψν |1〉
and |d′ν〉 = sin(θ
′
ν/2)|0〉 − cos(θ
′
ν/2)e
iψν |1〉 are the bright and
dark states, respecteively, with the error dependent angle θ′ν =
2 arctan[tan(θν/2)(1 + ǫ1)/(1 + ǫ0)]. By using the expressions
for U and U ′′, we obtain the fidelity
F′′ =
1
3
∣∣∣∣Tr {U ′1U†1U†2U ′2 exp
[
−iδ2π
(
eiϕ2 |b′2〉〈e| + H.c.
)]
exp
[
−iδ1π
(
eiϕ1 |b′1〉〈e| + H.c.
)]}∣∣∣∣ . (42)
To simplify this, we first consider the operator U ′
1
U
†
1
U
†
2
U ′
2
which, in the following, is denoted as U12 for convenience.
We have
U12 = |e〉〈e| + exp
(
− iθ22σψ2+ π2
)
exp
(
iθ11σψ1+ π2
)
, (43)
where θνν = θν − θ
′
ν and σψν+π/2 = cos(ψν + π/2)σx + sin(ψν +
π/2)σy, with σx andσy being the Pauli operators acting on the
subspace spanned by {|0〉, |1〉}. It can be verified that |θνν| ≪ 1.
Thus, we can use the BCH formula to further simplify the
operator U12. By preserving the first-order terms, we obtain
U12 = |e〉〈e| + exp
[
i(θ11σψ1+ π2 − θ22σψ2+
π
2
)
]
. (44)
Now, by using that
σψ2+ π2 = cosψ21σψ1+
π
2
+ sinψ21σψ1+π, (45)
where ψ21 = ψ2 − ψ1, we find
U12 = |e〉〈e| + cos y(|0〉〈0| + |1〉〈1|) + i sin yσψ. (46)
where parameter
y = (θ211 + θ
2
22 − 2θ11θ22 cosψ21)
1/2 (47)
and operator σψ is a linear combination of σx and σy.
We next simplify the remaining operator Uee ≡
exp[−iδ2π(e
iϕ2 |b′
2
〉〈e|+H.c.)] exp[−iδ1π(e
iϕ1 |b′
1
〉〈e|+H.c.)]. By
using the same technique as above, we find
Uee = |d
′
12〉〈d
′
12| + cos(zπ)(|e〉〈e| + |b
′
12〉〈b
′
12|)
−i sin(zπ)(|e〉〈b′12| + |b
′
12〉〈e|), (48)
6with
z = [δ21 + δ
2
2 + 2δ1δ2 cos(η
′/2) cosφb]
1/2
|b′12〉 = [(1 + cos(η
′/2)eiφb)eiϕ1 |b′1〉
+ sin(η′/2)eiφd |d′1〉]/z. (49)
Here, η′ is the angle between the two state vectors |b′
1
〉 and
|b′
2
〉, and φb and φd are phases.
By combining U12 and Uee, we can now simplify the fi-
delity F′′. Since both |y| ≪ 1 and |z| ≪ 1, we ignore higher-
order terms and the fidelity reads
F′′ = 1 −
1
3
y2 −
1
3
π2z2. (50)
As a consistency check, one may note that F′′ turns into F′
when ǫ0 = ǫ1, i.e., the Rabi frequency errors of the two pulses
coincide. Specifically, the term y2/3 vanishes and the term
π2z2/3 turns into f1π
2ǫ2/3 when ǫ0 = ǫ1 ≡ ǫ.
We now analyze how to find the path that optimizes the
robustness the fidelity F′′. To this end, we rewrite ǫ0 and ǫ1 as
ǫ0 = ǫ + κ, ǫ1 = ǫ − κ, (51)
where ǫ and κ are the average error and relative error differ-
ence, respectively. In the case where κ = 0, we have already
shown that sensitivity of the fidelity to ǫ can be minimized by
choosing a path characterized by the phase φb = π. For non-
vanishing relative error difference, we need to find a path that
minimizes the κ dependence as well. This amounts to solving
∂F′′(ǫ, κ)
∂κ
∣∣∣∣∣
κ=0
= −
2
3
(1 − cos
η
2
)(cos θ1 + cos θ2)π
2ǫ
= 0, (52)
for all η. Thus, the optimization condition reads
cos θ1 + cos θ2 = 0. (53)
As we know, θ1, θ2 ∈ [0, π]. Thus the meaning of the above
condition is
θ1 =
π
2
+ ς, θ2 =
π
2
− ς, (54)
where ς is an angle depending on the realized gate.
To sum up, in the case of nonvanishing relative error differ-
ence κ , 0, the robustness of the nonadiabatic holonomic gate
is optimized by a path characterized by
φb = π, cos θ1 + cos θ2 = 0. (55)
Here, φb is a phase, and θ1 and θ2 are ratio angles of the Rabi
frequencies.
IV. CONCLUSIONS
Different evolution paths can be used to implement a given
nonadiabatic holonomic gate. These paths are equivalent in
the ideal case, but behave differently in the presence of errors.
Aiming to optimize the robustness with respect to the path,
we have examined a selection of evolution paths in the pres-
ence of Rabi frequency errors, which is a major error source in
laser-driven implementations of quantum gates. These belong
to three different kinds of realizations of nonadiabatic holo-
nomic one-qubit gates in the three-level Λ configuration: the
original two-loop scheme [7], the single-loop multiple-pulse
scheme [36], and the single-shot scheme [29, 30], in the pres-
ence of systematic errors in the Rabi frequencies.
We have found that the optimal path belongs to the two-
loop scheme in the presence of systematic errors in the Rabi
frequencies. More importantly, we have also shown that the
robustness of the gates can be optimized by certain parame-
ter choices in the two-loop scheme. Our investigation applies
to cases where the evolution period is shorter than the coher-
ence time, and may help to strengthening the robustness of
nonadiabatic holonomic quantum computation with respect to
evolution path.
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